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Introduction

« Sequence processing:

»  |nput: sequence X

»  Goal: estimate a sequence of outputs M L. R. Rabiner
> P(M|X)

+ Tool: Hidden Markov Models (HMMs)
» Introduced and studied in 1960-70s
»  Lawrence R. Rabiner. A tutorial on Hidden Markov Models and selected

applications in speech recognition.




Discrete Markov Models (DMMs)

Transition probabilities:
Ci —j)
Zk C(i = k)

A = {aij} =




Discrete Markov Models (DMMs)

«  Model M,
» Composed of states Q = {g, .- Gps ---» G }

»  g; denotes state g; at time ¢

- Transition probabilities A = {q;;}

e First-order Markov Models

« Time independent

- X =1q,}
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Discrete Markov Models (DMMs)

«  Model M,
» Composed of states Q = {g, .- Gps ---» G }

»  g; denotes state g; at time ¢

- Transition probabilities A = {a,;}

e First-order Markov Models

+ Time independent

e X = {9 % 9 9> 9% 9}
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DMMSs - Sequence Probability

X =19 9% 99 9 9:}
P(X|M)
= P(49; 9 9> 9> G 9; | M)
= P(q;|g;> g di> 4> q:) - P(q;, qp di> ;s qr)
= P(q;| 9 9 9> 9 98) - PG 9> G0 9> ) - PG5> G0 91> )
= P(q;19;> 9 95 95> 91) - Par| 9 - 95> 97) - PG 95 1> 9)) * P(Gi G- G))
= P(4;19i> G 95 9 ) * PG| 9> G0 B 4~ P51 G Q1o G - P51 G @) - PG 41
= P(q;14; 1 i 9 qx) * P(qy | Gi> G 95> 95 - P(q; | 9> G q;) - P(g; 95 q) + Pla] g)) - P(q;)
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DMMSs - Sequence Probability

P(Qilmﬂ%c)'P(Qk‘M?q]’)'P(Qj‘%q/;qj')'P(Qj‘%Qk)'P(Qk‘Qi)'P(qz')

:P(Qi‘%)'P(QI{‘q]’)'P(q]"qj')'P(Qj‘Qk)'P(leql')'P(Qi)

= Ujj " Uy = i = g =

i

=0.4-0.3- ().4 0.3-0.3-1
= 0.00432
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DMMs - Consecutive Sequence Probability

Given the model M is in a known state, what is the probability it stays in the
for exactly d days ?

. X = {ql'la qua qJ *9 qlda 'd+1 ?é ql}
« Discrete probability density function of duration d in state i:
> P(X\M,ql =q;) = (aii)d_l - (1 —a;) = p(d)

« Expected number of observations (duration) in a state:

I —a;

/= i dp(d) = i d-(a;)"" - (1-ay =
d=1 d=1
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Hidden Markov Models (HMMs)

P(qilq:) P(qjlq;) P(qk|qr)

A A

P(q;|q;) P(qx|q;)

xt‘q% xt|QJ $t|Qk

R PR
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HMMs

. Sequence of observations: X ={T1,.. Tty oo, O]
. Sequence of states: Q={q1, ..., Q- qK}, qjt s state a g; at time 7
. Transition probabilities: A={aj}:ai; =Pl g), 1<i,j<K

. Emission probability distribution: B = {b;(k)}: b;(k) = p(vil¢}), 1<j<K

- Initial state distribution: r=1{m):m=Plg), 1<j<K
®={rA, B}
« Observations now also described by emission probabilities, characterized by

different stochastic distributions for each state g, 1 € [1,..., K].
»  Discrete, Gaussians, GMMs, ANNs (MLPs, or RNNSs).
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HMMs - Steps

1. Choose an initial state g; = g, according to initial state distribution .

2. Setr=1.

3. Choose X, = v, according to emission probability distribution in state g, i.e. b,(k).

I according to state transition probabilities i.e. a;;.

4. Transit to a new state qjﬂr )

5.Setr=1r+1
 Ift < T
> Return to step 3)
. Else:

» [erminate.
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HMM-based Pattern Classification

X|M,©) P(M|O)
p(X|©)

pM(x,0) = 2

M: Sequential (sentence) model

®: Model Parameters

P(X,M|®): HMM (acoustic model)
P(X|©®): Assumed constant
P(M|©): Prior knowledge (language model). P(M|©) = P(M|©*)
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Three HMM Problems

1. Definition and estimation of transition @;; and emission by(x) probabilities:

~  Computing likelihood P(X| M, ®) tor a given M, and fixed ®

2. lraining a HMM:

»  Estimating ® such that: argmaxg H P(X;|M,;,0O)
71=1

3. Classification (decoding) of an observed sequence X:
- X e M; if Mj;=argmax,, P(X|M,©)P(My)
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Training Problem



HMM Training Problem

- We want accurate parameters ® from the observations sequence.
« States in HMM are hidden — no closed-form equation for estimating parameters.
« We need to estimate the parameters ® = {x, A, B} with a maximum likelihood
framework on p(X|®).
»  Transition matrix A

>  Emission’s underlying PDF B (discrete or continuous)
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Continuous




HMM Training Problem

J
. We estimate these parameters such that argmaxg H P(X;|M;,0O)

=1
« We use the Forward-Backward algorithm j
»  |terative procedure of re-estimations
»  Efficient:
. O(TK" - O(TK?)
- Greatly reduces computation of the likelihood of a sequence given parameters.

- Stores intermediate values that lead to a given state at a given time.

« (Can also use embedded Viterbi approximation.
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|. Forward-Backward
Training




Forward-Backward Training

« Algorithms and variables:
~  Forward algorithm and variable a,(7)
~  Backward algorithm variable (i)
~  Sequence of events & (i, ))

~  Gamma variable y,(i)
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Forward Recurrence
1. Initialization:

We define the following variable: - o) =mbx), 1<i<K

2. Recursion:

a(i) = px,....X,q" = q;|O) .
o) =1 2 al1) a;] bi(x, )
=1

i.e. the probability of having observed the
partial sequence {xi,...,x,} and being at

state i at time ¢, given the parameters ©. 3. Termination:

K
Requires 7, A, B  P(X|0O) = Z ar(i)
Complexity: O(TK?) i=1
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Forward Algorithm - Recursion

Observations

[ t+ 1
1 q1 Probability of joint event that X is observed
4 and the state at time ¢ is g;.
.k —_ .
he & ) Recursion step: Generate observation
& K e
ag; at-|-1(]) — [ 2 at(l) alj] bj(xt+1)
(=] ——
K | gg Probability of joint event that X is observed
| and g; is reached at time ¢+ 1 via g; at time 7.
o) Xt 1
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Forward Algorithm - Termination

Observations Variable:
1 [ T O‘t(l) :p('xl’ ...,Xt, qt — ql‘G‘))
S

Probability of joint event that X is observed

and the state at time ¢ is g;.

Termination step:

K
P(X|©) = ) ay(i)
=1

States
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Backward Algorithm

1. Initialization:

We define the following variable: - pr) =1

2. Recursion:

ﬁt(l) :p(xH—l? ---9XT‘qt — qz'a ®) %
B =) B agl b (x4
=1

i.e. the probability of having observed the
partial sequence {x,.1, ..., X7}, given the

state i at time ¢ and the parameters ©. 3. Termination:

K
»  Requires 7, A, B - Py=PX|0O) = Z 7; bi(x1) (1)
- Complexity: O(TK?) i=1
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Backward Algorithm - Recursion

Observations Variable:
t ﬁt(l) :p(xt+19°-°9xT‘qt:ql'a®)
——

Probability that X is observed given the state

g; at time 1 and model parameters ©.

/

o
din

Recursion step:

K
BG) = 1) B al by (x4)
=1

States

« —(@ .
d;g
X ax

,Bt(i) :Bt+1

q; can be reached at time £+ 1 from the K possible states. 20




Backward Algorithm - Termination

Variable:
ﬁz‘(l) — p(xH-la °°°9xT‘ qt — ql'a ®)
N—

Observations

Probability that X is observed given the state

g; at time 1 and model parameters ©.

Termination step:

K
o= PX|0) = ) mb(x) (i)
=1

States
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Transition Probabilities Re-Estimation

« Forward and backward algorithms used to isolate states within HMM
« These variables let us estimate:
»  Transition probabilities between states

»  Emission probability distribution

e Start with re-estimation of A:

> al] —

»  Need &

Expected number of times from state g; to q;

Expected number of transitions from g,

32




Sequence of Events
Can be expressed in terms of both

We define the following variable: forward and backward variables as:

P(g,q/*' | X, ©)

- £G.) =Pq' = 4.9 = ¢;]X.©) ) =

! J 5;(19]) P(X‘ @) } Normalization factor
i.e. the probability of being in state i at (1) a; bi(x,11) Pry(J)
time 7 and in state j at time 7+ 1, Zizl a,()f(i)

given the observations and parameters

) ()b ) B ()
Zz{{:l Zj at(l)al] ](xt+l)ﬁt+1(])
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Sequence of Events

() = P(q" = q,9™" = q;| X, 0)

r+ 1 t+2

Transition
and

[
|
i
i
i
i

generate value

a;; - bi(X41)




Sequence of Events

at(i) a; b‘(xt+1) ﬁt+1(j)

coN U
ft(laj) - P(X‘ @)

{ r+ 1 t+2

Transition
and
generate value




Sequence of Events

o) aijb X 1) Prr1 ()
ét(la]) —

2 (D)
t+ 1 t+2

Transition
and
generate value

aij ¢ b](xt_l_l)




Sequence of Events
é(iaj):

Clt(i) alj bj(xt+1) ﬁt+1(j)

Y X @D X, )P ()

r+ 1 t+2

Transition
and

[
|
i
i
i
i

generate value

a; - bi(X41)




Sequence of Events
T—1

Ei,)) !

=1

Transition
and
generate value

Il I = =N =N = N

dji - bj(xt+l)

KN
2

K
L
K
N
ASS
_l_
—~
ot
ASS
+
)
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Transition Matrix Re-Estimation

. -1 .,. .
Expected number of times from state g; to q; thl E(1,])
@; = =
° ] 5 . T—1 K -
Expected number of transitions from g, thl Zk:l E(i, k)
ayp dpp ap3
Compute for all pairs (i,j): A = |adr; Gy a3

(31 d3p d33
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Emission Probability Distribution Re-Estimation (Discrete)

« At each state g, we have an observation x which is a discrete value in the

‘observation vocabulary' V.

Expected number of times in state g;and observing v,

. bj(Vk) —

Expected number of times in state g;

> Need y
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Gamma Variable

We define the following variable:

v (i) = P(q" = ¢;| X, ©)

I.e. the probability of being in state i at
time , given the observations and

parameters ©.

Can be expressed in terms of both

forward and backward variables as:

P(Qitaxl O) B a 1) p(i)
PX|®)  P(X|®)

71(0 —

We can relate y,(i) to &(i,)):

K
r(i) = ) &G.j)
j=1

41




Gamma Variable
(i) = P(q' = ¢;| X, ©)

Xt 1 Xt Xt+1

a,i) (1)

é o @
o —o— @
®

K2
/ \
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Gamma Variable

\ /
/ \




Emission Probability Distribution Re-Estimation (Discrete)

T .
Expected number of times in state g;and observing v, thl&xtzvk 20

bj(vk) — . . o T
Expected number of times in state g; > 7D)
[=
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Gamma Variable

We can express y,(i) in 2 ways.

. The expected number of times g; is The expected number of times -

visited: transitions are made from g;: .
s | i 5
: 7,(1) : Z 7{0)
: =1 : E =1 E
Usetul for re-estimating o Useful for re-estimating
transition probabilities. « 1+ emission probability distribution.




___________
AR RR S

Parameters Re-Estimation (Discrete)

We define the following formulas, as estimators for the:

 Initial state: T, = }/l(i) yCEEEE R EE PR EEE L Expected frequency in state g; at time t = 1

23’_—11 ft(la]) «- Expected number of transitions from state g, to q;

Transition probabilities: a;;

) / ZT_I (l) «---- Expected number of transitions from state g;
T : Expected number of times in state g;
zt=1&xt=vk yf(l) D and observing v,

cmission PDEDb(v,) =
. J T : | |
Zt_l }/t(l) 4 =--=-=-- Expected number of times in state q;
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Parameters Re-Estimation (Continuous)

» The re-estimate for the transition probabilities ¢, are the same.

« We are not interested in the emission probabilities, but the parameters that describe its
distribution, e.g.: A (u, %) or N (u, X)

> Emission PDF: b; = {4, 5} or FJ = {ji,2)} for a Gaussian distribution.

Zthlyt(ja k) ) Xt
ZtT:I}/t(ja k)

- M=

Zzilyz(ja k) ' (Xt o /ij)z > ZtT:Iyt(ja k) ' (Xt o /ij) ' (Xt o /ij)T
or k= .
! Zthlyt(]a k)

> O .
I ST v, k)
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Parameters Re-Estimation (Continuous)

Probability of being in state j at time ¢ with k~th mixture component accounting for
X, :

y b]= {Eaﬂaz}

— Zthlyt(ja k)
e kT 57 v )

: ; (.] >ﬁ t(] ) Cjk'/’/ (Xt9 /’tjka Z]k)
. yz‘(] ’ k) — % . — M
Zj=1 ar())PLJ) Zm:l ij/V (X, Hims ij)
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Baum-Welch EM Algorithm

. E-Step:
@ and b,(vp) D86
»  Re-compute ay, B, v, & t l
- New values @; and b;(v;) - ------ M-Step ------- '
_ @b

49




lterative Training

1. Estimate p(X|®) and p(X|®). E-Step: .
2. If p(X|®) > p(X|O); L redny)
. Replace ® with new estimate of parameters ©. - [ l ________ |
+ Repeat the E and M steps of EM algorithm. I l\i-Step
. Go to step 1. L @pbv)
3. Else:

. Terminate with © as trained parameters (convergence).
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|l. Embedded Viterbi
Training




Forward-Backward

qd1

4k

Viterbi

Cxl x| O)
0(1) = maxp(ql, iy X,




Viterbi Algorithm

We define 2 variables:

1. 0(i): highest likelihood along a side path among all paths ending in state g; at time
[
- (i) = max p(q’, s x!, ..., x'|©)

2. y(i): variable to keep track of ‘best path’ ending in state g at time t:
- y(i) = argmax p(q',....q., x',...,x"| ©)
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Viterbi Algorithm

1. Initialization: 3. Termination:
(i) = 0 1<i<K
Y1 . gl = argmaxlSiSK[éT(i)]
2. Recursion: A
. 0[J) = max [o,_,(1)a;] b(x | " "
J) ISiSK[ —1(0) a;;] b(x) . gt = '/ft+1(qt+l )

- y(J) = argmax, _; .16, (1) a;]
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Embedded Viterbi Approximation =-Step:

yt(i)a 5t(19])
1. Estimate p(X|®) and p(X | ®). [ l
2. If p(X|©) > p(X|©): . M-Step:
Replace ® with new estimate of parameters ©. a_l],b](vk)

Repeat the E and M steps of EM algorithm.

» Obtain optimal state sequence.

~ ¥, and ¢, are either 0 or 1.
3. Else:

Terminate with © as trained parameters (convergence).

Faster than BW, as computational cost is less.
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Summary

Pros: Cons:
- Flexible topology. - A priori selection of model topology and
> Rich mathematical framework. statistical distributions.

. Wide range of applications - First order Markov model for state transition.

. Powerful learning and decoding - Lack of contextual information as correlation

between successive acoustic vectors is
methods.

| ignored.
> Good abstraction for sequences, .

- Assumption of independence for
temporal aspects. | o
computational efficiency.
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Thank you !

Sel0I30

v

@ www.idiap.ch /" esarkar/

Room 207-2, Idiap Research Institute

(‘\ 141 78 82 50 754

D% cklavya.sarkar@idiap.ch
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Parameters Re-Estimation

.. o C(i - j)
_Transition probabilities: Oy =
Zk C(i = k)
» Emission PDF:
_ ZxEij
> /’t —
VA
— ZxEZj()(t o /Z]) ) (Xt — ﬂ;k)T
D I—
> T

| Z;]

~  Z;: Set of observed features assigned to g;
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Likelihood Problem



| ikelihood Estimation Problem

X|M,©)

PQ1|x.0) = & »(X0)

P(X‘M) — Z P(X7Q|M) |Bayes Tlheoreml
QEM M

Computing P(X| M, ©) = Y  P(X|Q,M)P(Q|M)
Fixed ® GeM

Likelihood of a sequence of T t
observations w.r.t. a HMM: B Q%gp(xt\q |
1
- t
Complexity: O(TK") h Z Hp(xt\q ) Pgt=1 gt
QEM t=1

» |Infeasible !
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Forward Recurrence - Log Space

1. Initialization: 1. Initialization:
a;(i)) =rm;b(x;)), 1<i<K . al(log)(i) = log &; + log b,(x,)
2. Recursion: 3. Recursion:

(log)(]) — [|Ogsum _1(a(10g)(l) + 10g Cllj)] + lOg b (xt+1)

at-|-1(j) — [ Z at(i) aij] bj(xH-l) . t+1
=1

3. Termination: 6. Termination:

log P(X| M) = [logsum._,a.°?(i)]

K
P(X|M) =) a(i)
=1
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Decoding Problem



Decoding Problem

« Estimating an optimal sequence of states given a sequence of observations and the

parameters of a model.

> Viterbi algorithm
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Viterbi Algorithm - Log Space

1. Initialization: 3. Termination:
50°9(i) = log 7 + log b(x,) . log PH(X|©) = max 52
i) =0 q; = argmaxlSiSK[égog)(i)]
- Recu(lrsioh: . 4. Backtracking:
0, °80) = max [519(D) +logay] +loghyx) | e ety

w(j) = argmax, _, SK[ét(i()lg)(i) + log a;]
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Viterbi Algorithm

In summary, given a:
» Sequence of observations X = {x;,...,x,, ...X7}

« Parameters ®

The Viterbi algorithm returns the:
«  Optimal path O* = {q}, ..., q¢7]
« Likelihood along the best path P*(X|®)
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