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Introduction

• Sequence processing: 

‣ Input: sequence  

‣ Goal: estimate a sequence of outputs  

‣  

• Tool: Hidden Markov Models (HMMs) 

‣ Introduced and studied in 1960-70s 

‣ Lawrence R. Rabiner. A tutorial on Hidden Markov Models and selected 
applications in speech recognition.

X
M

P(M |X)
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• Model  

• Composed of states  

‣  denotes state  at time  

• Transition probabilities: 

‣   

• First-order Markov Models 

• Time independent 

•

Mk

Q = {q1, …, qk, …, qK}
qt

j qj t

A = {aij} =
C(i → j)

∑k C(i → k)

X = {}
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Discrete Markov Models (DMMs)
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• Model  

• Composed of states  

‣  denotes state  at time  

• Transition probabilities  

• First-order Markov Models 

• Time independent 

•

Mk

Q = {q1, …, qk, …, qK}
qt

j qj t
A = {aij}

X = {qi}
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• Model  

• Composed of states  

‣  denotes state  at time  

• Transition probabilities  

• First-order Markov Models 

• Time independent 

•

Mk

Q = {q1, …, qk, …, qK}
qt

j qj t
A = {aij}

X = {qi, qk}
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• Model  

• Composed of states  

‣  denotes state  at time  

• Transition probabilities  

• First-order Markov Models 

• Time independent 

•

Mk

Q = {q1, …, qk, …, qK}
qt

j qj t
A = {aij}

X = {qi, qk, qj}
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• Model  

• Composed of states  

‣  denotes state  at time  

• Transition probabilities  

• First-order Markov Models 

• Time independent 

•

Mk

Q = {q1, …, qk, …, qK}
qt

j qj t
A = {aij}

X = {qi, qk, qj, qj}

8

Discrete Markov Models (DMMs)

qk

qi

qj

0.3

0.3

0.30.3

0.3

0.3

0.4

0.4

0.4



• Model  

• Composed of states  

‣  denotes state  at time  

• Transition probabilities  

• First-order Markov Models 

• Time independent 

•

Mk

Q = {q1, …, qk, …, qK}
qt

j qj t
A = {aij}

X = {qi, qk, qj, qj, qk}
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• Model  

• Composed of states  

‣  denotes state  at time  

• Transition probabilities  

• First-order Markov Models 

• Time independent 

•

Mk

Q = {q1, …, qk, …, qK}
qt

j qj t
A = {aij}

X = {qi, qk, qj, qj, qk, qi}
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X = {qi, qk, qj, qj, qk, qi}

P(X |M)
= P(qi, qk, qj, qj, qk, qi |M)
= P(qi |qi, qk, qj, qj, qk) ⋅ P(qi, qk, qj, qj, qk)
= P(qi |qi, qk, qj, qj, qk) ⋅ P(qk |qi, qk, qj, qj) ⋅ P(qi, qk, qj, qj)
= P(qi |qi, qk, qj, qj, qk) ⋅ P(qk |qi, qk, qj, qj) ⋅ P(qj |qi, qk, qj) ⋅ P(qi, qk, qj)
= P(qi |qi, qk, qj, qj, qk) ⋅ P(qk |qi, qk, qj, qj) ⋅ P(qj |qi, qk, qj) ⋅ P(qj |qi, qk) ⋅ P(qi, qk)
= P(qi |qi, qk, qj, qj, qk) ⋅ P(qk |qi, qk, qj, qj) ⋅ P(qj |qi, qk, qj) ⋅ P(qj |qi, qk) ⋅ P(qk |qi) ⋅ P(qi)
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DMMs - Sequence Probability



 

 
 

 
 

 
 

X = {qi, qk, qj, qj, qk, qi}

P(X |M)
= P(qi, qk, qj, qj, qk, qi |M)
= P(qi |qi, qk, qj, qj, qk) ⋅ P(qi, qk, qj, qj, qk)
= P(qi |qi, qk, qj, qj, qk) ⋅ P(qk |qi, qk, qj, qj) ⋅ P(qi, qk, qj, qj)
= P(qi |qi, qk, qj, qj, qk) ⋅ P(qk |qi, qk, qj, qj) ⋅ P(qj |qi, qk, qj) ⋅ P(qi, qk, qj)
= P(qi |qi, qk, qj, qj, qk) ⋅ P(qk |qi, qk, qj, qj) ⋅ P(qj |qi, qk, qj) ⋅ P(qj |qi, qk) ⋅ P(qi, qk)
= P(qi |qi, qk, qj, qj, qk) ⋅ P(qk |qi, qk, qj, qj) ⋅ P(qj |qi, qk, qj) ⋅ P(qj |qi, qk) ⋅ P(qk |qi) ⋅ P(qi)
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DMMs - Sequence Probability



 

 

 

 

P(qi |qi, qk, qj, qj, qk) ⋅ P(qk |qi, qk, qj, qj) ⋅ P(qj |qi, qk, qj) ⋅ P(qj |qi, qk) ⋅ P(qk |qi) ⋅ P(qi)

⇒ P(qi |qi) ⋅ P(qk |qj) ⋅ P(qj |qj) ⋅ P(qj |qk) ⋅ P(qk |qi) ⋅ P(qi)
= aii ⋅ akj ⋅ ajj ⋅ ajk ⋅ aki ⋅ πqi

= 0.4 ⋅ 0.3 ⋅ 0.4 ⋅ 0.3 ⋅ 0.3 ⋅ 1
= 0.00432
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DMMs - Sequence Probability

First-Order Markov Property 

Only need  
transition probabilities

A = {aij} = [
0.4 0.3 0.3
0.3 0.4 0.3
0.4 0.3 0.4]

X = {qi, qk, qj, qj, qk, qi}



Given the model  is in a known state, what is the probability it stays in the same 
state for exactly  days ? 

•  

• Discrete probability density function of duration  in state : 

‣  

• Expected number of observations (duration) in a state: 

‣  

M
d

X = {q1
i , q2

j , q3
j , …, qd

i , qd+1
j ≠ qi}

d i

P(X |M, q1 = qi) = (aii)d−1 ⋅ (1 − aii) = pi(d)

d̄ =
∞

∑
d=1

dpi(d) =
∞

∑
d=1

d ⋅ (aii)d−1 ⋅ (1 − aii) =
1

1 − aii
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DMMs - Consecutive Sequence Probability
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Hidden Markov Models (HMMs)

<latexit sha1_base64="Nw7Pf5ri91UwA/XXQtj1+nONLJw=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCF9IajB6JXjxiIh8Rmma7bGFluy27WxNS+RdePGiMV/+NN/+NC/Sg4EsmeXlvJjPz/JgzpW3728qtrK6tb+Q3C1vbO7t7xf2DpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84fXUbz1SqVgk7vQ4pm6I+4IFjGBtpPt6eeQ9PI08duoVS3bFngEtEycjJchQ94pf3V5EkpAKTThWquPYsXZTLDUjnE4K3UTRGJMh7tOOoQKHVLnp7OIJOjFKDwWRNCU0mqm/J1IcKjUOfdMZYj1Qi95U/M/rJDq4dFMm4kRTQeaLgoQjHaHp+6jHJCWajw3BRDJzKyIDLDHRJqSCCcFZfHmZNM8qznnFvq2WaldZHHk4gmMogwMXUIMbqEMDCAh4hld4s5T1Yr1bH/PWnJXNHMIfWJ8/9G6Qcg==</latexit>

P (qj |qi)

<latexit sha1_base64="/Kqq0c90gxQi3HVT6c5hkRXAOSw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsquKHosevFYwX5gu5Rsmm1jk+yaZIWy9l948aCIV/+NN/+NabsHbX0w8Hhvhpl5QcyZNq777eSWlldW1/LrhY3Nre2d4u5eQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geDXxm49UaRbJWzOKqS9wX7KQEWysdFcrP3Tvn2wdd4slt+JOgRaJl5ESZKh1i1+dXkQSQaUhHGvd9tzY+ClWhhFOx4VOommMyRD3adtSiQXVfjq9eIyOrNJDYaRsSYOm6u+JFAutRyKwnQKbgZ73JuJ/Xjsx4YWfMhknhkoyWxQmHJkITd5HPaYoMXxkCSaK2VsRGWCFibEhFWwI3vzLi6RxUvHOKu7Naal6mcWRhwM4hDJ4cA5VuIYa1IGAhGd4hTdHOy/Ou/Mxa8052cw+/IHz+QP185Bz</latexit>

P (qj |qj)

<latexit sha1_base64="sbdGQu0Xhmd5+1IQKh9fTVELk+w=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCF9IajB6JXjxiIh8Rmma7bGFluy27WxNS+RdePGiMV/+NN/+NC/Sg4EsmeXlvJjPz/JgzpW3728qtrK6tb+Q3C1vbO7t7xf2DpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84fXUbz1SqVgk7vQ4pm6I+4IFjGBtpPt6eeQNn0bew6lXLNkVewa0TJyMlCBD3St+dXsRSUIqNOFYqY5jx9pNsdSMcDopdBNFY0yGuE87hgocUuWms4sn6MQoPRRE0pTQaKb+nkhxqNQ49E1niPVALXpT8T+vk+jg0k2ZiBNNBZkvChKOdISm76Mek5RoPjYEE8nMrYgMsMREm5AKJgRn8eVl0jyrOOcV+7Zaql1lceThCI6hDA5cQA1uoA4NICDgGV7hzVLWi/Vufcxbc1Y2cwh/YH3+APd8kHQ=</latexit>

P (qk|qj)

<latexit sha1_base64="aLwvxaEl2eOsOqdYIf+e3hIRanc=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKosegF48RzAOTJcxOepMhs7PrzKwQYv7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/naXlldW19dxGfnNre2e3sLdf13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8HgeuI3HlFpHss7M0zQj2hP8pAzaqx0Xy09dAZPtk46haJbdqcgi8TLSBEyVDuFr3Y3ZmmE0jBBtW55bmL8EVWGM4HjfDvVmFA2oD1sWSpphNofTS8ek2OrdEkYK1vSkKn6e2JEI62HUWA7I2r6et6biP95rdSEl/6IyyQ1KNlsUZgKYmIyeZ90uUJmxNASyhS3txLWp4oyY0PK2xC8+ZcXSf207J2X3duzYuUqiyMHh3AEJfDgAipwA1WoAQMJz/AKb452Xpx352PWuuRkMwfwB87nD/kBkHU=</latexit>

P (qk|qk)
<latexit sha1_base64="BPKPXOjzDkR3MsCYZH4gunFVSqA=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKosegF48RzAOTJcxOOsmQ2dl1ZlYIa/7CiwdFvPo33vwbJ8keNLGgoajqprsriAXXxnW/naXlldW19dxGfnNre2e3sLdf11GiGNZYJCLVDKhGwSXWDDcCm7FCGgYCG8HweuI3HlFpHsk7M4rRD2lf8h5n1Fjpvlp66PAnWyedQtEtu1OQReJlpAgZqp3CV7sbsSREaZigWrc8NzZ+SpXhTOA43040xpQNaR9blkoaovbT6cVjcmyVLulFypY0ZKr+nkhpqPUoDGxnSM1Az3sT8T+vlZjepZ9yGScGJZst6iWCmIhM3iddrpAZMbKEMsXtrYQNqKLM2JDyNgRv/uVFUj8te+dl9/asWLnK4sjBIRxBCTy4gArcQBVqwEDCM7zCm6OdF+fd+Zi1LjnZzAH8gfP5A/LlkHE=</latexit>

P (qi|qi)

qi qj qk

<latexit sha1_base64="5lmbQoIbXk4ICqTUS9fKLyqDXuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buounfnldp1HkcRjuAYTsGDS6jBLdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwByjo3n</latexit>xt
<latexit sha1_base64="5lmbQoIbXk4ICqTUS9fKLyqDXuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buounfnldp1HkcRjuAYTsGDS6jBLdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwByjo3n</latexit>xt

<latexit sha1_base64="5lmbQoIbXk4ICqTUS9fKLyqDXuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buounfnldp1HkcRjuAYTsGDS6jBLdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwByjo3n</latexit>xt

<latexit sha1_base64="Zvk96f8bkZdEpqieckkLA1Azf04=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBHqpSSi6LHoxWMF+4FtKJvtpl272cTdiVhi/4UXD4p49d9489+4bXPQ1gcDj/dmmJnnx4JrdJxva2FxaXllNbeWX9/Y3Nou7OzWdZQoymo0EpFq+kQzwSWrIUfBmrFiJPQFa/iDy7HfeGBK80je4DBmXkh6kgecEjTSbVx67ODTfefuqFMoOmVnAnueuBkpQoZqp/DV7kY0CZlEKojWLdeJ0UuJQk4FG+XbiWYxoQPSYy1DJQmZ9tLJxSP70ChdO4iUKYn2RP09kZJQ62Hom86QYF/PemPxP6+VYHDupVzGCTJJp4uCRNgY2eP37S5XjKIYGkKo4uZWm/aJIhRNSHkTgjv78jypH5fd07JzfVKsXGRx5GAfDqAELpxBBa6gCjWgIOEZXuHN0taL9W59TFsXrGxmD/7A+vwBQcmQpA==</latexit>

p(xt|qj)
<latexit sha1_base64="sLnW47dNZ4XTj1kDPDEhm1gjPIU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyURRY9FLx4r2A9sQ9lsN+3SzSbuTsQS+y+8eFDEq//Gm//GbZuDtj4YeLw3w8w8PxZco+N8W7ml5ZXVtfx6YWNza3unuLvX0FGiKKvTSESq5RPNBJesjhwFa8WKkdAXrOkPryZ+84EpzSN5i6OYeSHpSx5wStBId3H5sYtP993hcbdYcirOFPYicTNSggy1bvGr04toEjKJVBCt264To5cShZwKNi50Es1iQoekz9qGShIy7aXTi8f2kVF6dhApUxLtqfp7IiWh1qPQN50hwYGe9ybif147weDCS7mME2SSzhYFibAxsifv2z2uGEUxMoRQxc2tNh0QRSiakAomBHf+5UXSOKm4ZxXn5rRUvcziyMMBHEIZXDiHKlxDDepAQcIzvMKbpa0X6936mLXmrGxmH/7A+vwBQ06QpQ==</latexit>

p(xt|qk)
<latexit sha1_base64="O76FSUGbxbqbCMaZ1v5Od3gBwTs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyURRY9FLx4r2A9sQ9hst+3SzSbuTsQS+y+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBZco+N8W7ml5ZXVtfx6YWNza3unuLvX0FGiKKvTSESqFRDNBJesjhwFa8WKkTAQrBkMryZ+84EpzSN5i6OYeSHpS97jlKCR7uLyo49P9z4/9oslp+JMYS8SNyMlyFDzi1+dbkSTkEmkgmjddp0YvZQo5FSwcaGTaBYTOiR91jZUkpBpL51ePLaPjNK1e5EyJdGeqr8nUhJqPQoD0xkSHOh5byL+57UT7F14KZdxgkzS2aJeImyM7Mn7dpcrRlGMDCFUcXOrTQdEEYompIIJwZ1/eZE0TiruWcW5OS1VL7M48nAAh1AGF86hCtdQgzpQkPAMr/BmaevFerc+Zq05K5vZhz+wPn8AQESQow==</latexit>

p(xt|qi)



• Sequence of observations: 

• Sequence of states: 

• Transition probabilities: 

• Emission probability distribution: 

• Initial state distribution:

16

HMMs

Θ = {π, A, B}

<latexit sha1_base64="06Uzo95s70/GBP1vrcV+Jbx/2es=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BRXJQyI4puhKIblxV6g84wZNK0Dc1cSM6IZegbuPFV3LhQxK1bd76NmXYW2nog8OU/l+T8fiy4Asv6NgpLyyura8X10sbm1vaOubvXUlEiKWvSSESy4xPFBA9ZEzgI1oklI4EvWNsf3WT59j2TikdhA8YxcwMyCHmfUwJa8szjDr7CToofPLuCnV4EqqIZcsbZpYGdiWeWrao1DbwIdg5llEfdM7/0AJoELAQqiFJd24rBTYkETgWblJxEsZjQERmwrsaQBEy56XSfCT7SSg/3I6lPCHiq/u5ISaDUOPB1ZUBgqOZzmfhfrptA/9JNeRgnwEI6e6ifCAwRzszBPS4ZBTHWQKjk+q+YDokkFLSFJW2CPb/yIrROq/Z51bo7K9euczuK6AAdohNkowtUQ7eojpqIokf0jF7Rm/FkvBjvxsestGDkPfvoTxifP6cmmeo=</latexit>

X = {x1, . . . , xt, . . . , xT }
<latexit sha1_base64="tNTQivKqOIZ0LJwc6Y8BzqmCbPQ=">AAACD3icbZDLSgMxFIbPeK31NurSTbAoLkqZEUU3QtGN4KYFe4HOUDJppg3NXEwyQhn6Bm58FTcuFHHr1p1vY6adhbYeCHz5zyU5vxdzJpVlfRsLi0vLK6uFteL6xubWtrmz25RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3id5VsPVEgWhXdqFFM3wP2Q+YxgpaWueVRHl8hJ0X3XLiOnFylZ1jzMGWWXW+SMu2bJqliTQPNg51CCPGpd80sPIElAQ0U4lrJjW7FyUywUI5yOi04iaYzJEPdpR2OIAyrddLLPGB1qpYf8SOgTKjRRf3ekOJByFHi6MsBqIGdzmfhfrpMo/8JNWRgnioZk+pCfcKQilJmDekxQovhIAyaC6b8iMsACE6UtLGoT7NmV56F5UrHPKlb9tFS9yu0owD4cwDHYcA5VuIEaNIDAIzzDK7wZT8aL8W58TEsXjLxnD/6E8fkDXk2ZvA==</latexit>

Q = {q1, . . . , qk, . . . , qK} ,  is state a  at time qt
j qj t

• Observations now also described by emission probabilities, characterized by 
different stochastic distributions for each state , . 

‣ Discrete, Gaussians, GMMs, ANNs (MLPs, or RNNs).
qi i ∈ [1,…, K]

<latexit sha1_base64="V4PBag6rrABEpNBrCvQsh+VJVFU="></latexit>

B = {bj(k)} : bj(k) = p(vtk|qtj), 1  j  K

<latexit sha1_base64="yFnme4eSCtkPqBnuw2zRltthzL8="></latexit>

A = {aij} : aij = P (qt+1
j |qti), 1  i, j  K

<latexit sha1_base64="5BboZXg8EoD/kV1cnu8z1/Mqr/E="></latexit>

⇡ = {⇡i} : ⇡i = P (q1i ), 1  j  K



1. Choose an initial state  according to initial state distribution . 
2. Set . 
3. Choose  according to emission probability distribution in state  i.e. . 
4. Transit to a new state  according to state transition probabilities i.e. . 

5. Set  

• If :  

‣ Return to step 3) 
• Else: 
‣ Terminate.

q1 = qi π
t = 1

Xt = vk qi bi(k)
qt+1

j aij

t = t + 1
t < T

17

HMMs - Steps



HMM-based Pattern Classification

• : Sequential (sentence) model 

• : Model Parameters 

• : HMM (acoustic model) 

• : Assumed constant 

• : Prior knowledge (language model).

M
Θ

P(X, M |Θ)
P(X |Θ)
P(M |Θ)
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P (M |⇥) ) P (M |⇥⇤)

Bayes Theorem
<latexit sha1_base64="D12IrOzLTwSZKL2nbvBeUJtJ1ek="></latexit>

P (M |X,⇥) =
p(X|M,⇥) P (M |⇥)

p(X|⇥)



Three HMM Problems

1.  Definition and estimation of transition  and emission  probabilities: 

‣ Computing likelihood  for a given  and fixed  

2.  Training a HMM: 

‣ Estimating  such that: 

3.  Classification (decoding) of an observed sequence : 

‣

aij bi(x)
P(X |M, Θ) Mk Θ

Θ

X
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argmax⇥
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j=1

P (Xj |Mj ,⇥)
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X 2 Mj if Mj = argmaxMj
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Training Problem
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HMM Training Problem

• We want accurate parameters  from the observations sequence. 

• States in HMM are hidden  no closed-form equation for estimating parameters. 

• We need to estimate the parameters  with a maximum likelihood 
framework on . 

‣ Transition matrix  

‣ Emission’s underlying PDF  (discrete or continuous)

Θ
→

Θ = {π, A, B}
p(X |Θ)

A
B

21



Discrete Continuous

22



HMM Training Problem

• We estimate these parameters such that 

• We use the Forward-Backward algorithm 

‣ Iterative procedure of re-estimations 

‣ Efficient:  

-  

- Greatly reduces computation of the likelihood of a sequence given parameters. 

- Stores intermediate values that lead to a given state at a given time. 

• Can also use embedded Viterbi approximation.

𝒪(TKT) → 𝒪(TK2)

23

<latexit sha1_base64="kDbW3pFzDdCPvuBu2O5sVJBoj+0="></latexit>

argmax⇥

JY

j=1

P (Xj |Mj ,⇥)



I. Forward-Backward 
Training
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Forward-Backward Training

• Algorithms and variables: 

‣ Forward algorithm and variable  

‣ Backward algorithm variable  

‣ Sequence of events  

‣ Gamma variable 

αt(i)
βt(i)

ξt(i, j)
γt(i)

25



Forward Recurrence

26

1. Initialization:  

‣  

2. Recursion: 

‣  

3.Termination: 

‣

α1(i) = πi bi(x1), 1 ≤ i ≤ K

αt+1( j) = [
K

∑
i=1

αt(i) aij] bj(xt+1)

P(X |Θ) =
K

∑
i=1

αT(i)

We define the following variable: 

•  

i.e. the probability of having observed the 
partial sequence  and being at 
state  at time , given the parameters . 

• Requires  

• Complexity: 

αt(i) = p(x1, …, xt, qt = qi |Θ)

{x1, …, xt}
i t Θ

π, A, B
𝒪(TK2)

Sum over all possible states one could’ve ended up in.

All possible ways to reach j  probability to generate ⋅ xt+1

Join probability of state  and initial observation .qi xi
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Forward Algorithm - Recursion
Variable: 

 

Probability of joint event that  is observed  
and the state at time  is . 

Recursion step: 

 

Probability of joint event that  is observed  
and  is reached at time  via  at time .

αt(i) = p(x1, …, xt, qt = qi |Θ)

X
t qi

αt+1( j) = [
K

∑
i=1

αt(i) aij] bj(xt+1)

X
qj t + 1 qi t

{

{

{Generate observation

t t + 1

q1

q2

qK

…

qj

a1j

a2j

aKj

αt(i) αt+1

Observations

1

k

K

St
at

es



28

Forward Algorithm - Termination

1 t T

q1

q2

qK

…

q

q

q

q

q

qq

q

q

… … …
α1 αt

1

k

K

αT

Variable: 
 

Probability of joint event that  is observed  
and the state at time  is . 

Termination step: 

αt(i) = p(x1, …, xt, qt = qi |Θ)

X
t qi

P(X |Θ) =
K

∑
i=1

αT(i)

{

Observations

St
at

es



Backward Algorithm
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1. Initialization:  

‣  

2. Recursion: 

‣  

3.Termination: 

‣

βT(i) = 1

βt( j) = [
K

∑
i=1

βt+1(i) aij] bj (xt+1)

β0 = P(X |Θ) =
K

∑
i=1

πi bi(x1) β1(i)

We define the following variable: 

•  

i.e. the probability of having observed the 
partial sequence , given the 
state  at time  and the parameters . 

‣ Requires  

‣ Complexity: 

βt(i) = p(xt+1, …, xT |qt = qi, Θ)

{xt+1, …, xT}
i t Θ

π, A, B
𝒪(TK2)

Arbitrarily defined to be 1 for all .i
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Backward Algorithm - Recursion

 can be reached at time  from the  possible states.qj t + 1 K

Variable: 
 

Probability that  is observed given the state  
 at time  and model parameters . 

Recursion step: 

βt(i) = p(xt+1, …, xT |qt = qi, Θ)

X
qi t Θ

βt( j) = [
K

∑
i=1

βt+1(i) aij] bj (xt+1)

{

Observations

1

k

K

St
at

es

t t + 1

qi

…

q2

ai1

ai2

aiK

βt(i) βt+1

q1

qK



31

Backward Algorithm - Termination

1 t T

q

q

q

…

q

q

q

q1

q2

qKq

q

q

… … …
β1 βt

1

k

K

βT

Variable: 
 

Probability that  is observed given the state  
 at time  and model parameters . 

Termination step: 

βt(i) = p(xt+1, …, xT |qt = qi, Θ)

X
qi t Θ

β0 = P(X |Θ) =
K

∑
i=1

πi bi(x1) β1(i)

{

Observations

St
at

es



Transition Probabilities Re-Estimation

• Forward and backward algorithms used to isolate states within HMM 

• These variables let us estimate: 

‣ Transition probabilities between states 

‣ Emission probability distribution 

• Start with re-estimation of : 

‣  

‣ Need 

A

aij =
Expected number of times from state qi to qj

Expected number of transitions from  qi

ξ

32



Sequence of Events

33

Can be expressed in terms of both 
forward and backward variables as: 

 

 

ξt(i, j) =
P(qt

i , qt+1
j |X, Θ)

P(X |Θ)

=
αt(i) aij bj(xt+1) βt+1( j)

∑K
i=1 αt(i)βt(i)

=
αt(i) aij bj(xt+1) βt+1( j)

∑K
i=1 ∑K

j=1 αt(i)aij bj(xt+1)βt+1( j)

We define the following variable: 

•  

i.e. the probability of being in state  at 
time  and in state  at time , 
given the observations and parameters 

.

ξt(i, j) = P(qt = qi, qt+1 = qj |X, Θ)

i
t j t + 1

Θ

Forward Backward

{
Normalization factor



ξt(i, j) = P(qt = qi, qt+1 = qj |X, Θ)

34

Sequence of Events

t − 1 t

q1

q2

qK

…

qi

a1j

a2j

aKj

αt−1 αt(i)

t + 1 t + 2

qj

…

q2

ai1

ai2

aiK

βt+1( j) βt+2

q1

qK

aij ⋅ bj(xt+1)

Transition  
and  

generate value



ξt(i, j) =
αt(i) aij bj(xt+1) βt+1( j)

P(X |Θ)
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Sequence of Events

t − 1 t

q1

q2

qK

…

qi

a1j

a2j

aKj

αt−1 αt(i)

t + 1 t + 2

qj

…

q2

ai1

ai2

aiK

βt+1( j) βt+2

q1

qK

aij ⋅ bj(xt+1)

Transition  
and  

generate value



ξt(i, j) =
αt(i) aij bj(xt+1) βt+1( j)

ΣK
j=1αt(i)βt( j)
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Sequence of Events

t − 1 t

q1

q2

qK

…

qi

a1j

a2j

aKj

αt−1 αt(i)

t + 1 t + 2

qj

…

q2

ai1

ai2

aiK

βt+1( j) βt+2

q1

qK

aij ⋅ bj(xt+1)

Transition  
and  

generate value



ξt(i, j) =
αt(i) aij bj(xt+1) βt+1( j)

∑K
i=1 ∑K

j=1 αt(i)aij bj(xt+1)βt+1( j)
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Sequence of Events

t − 1 t

q1

q2

qK

…

qi

a1j

a2j

aKj

αt−1 αt(i)

t + 1 t + 2

qj

…

q2

ai1

ai2

aiK

βt+1( j) βt+2

q1

qK

aij ⋅ bj(xt+1)

Transition  
and  

generate value



 ?
T−1

∑
t=1

ξt(i, j)

38

Sequence of Events

t − 1 t

q1

q2

qK

…

qi

a1j

a2j

aKj

αt−1 αt(i)

t + 1 t + 2

qj

…

q2

ai1

ai2

aiK

βt+1( j) βt+2

q1

qK

aij ⋅ bj(xt+1)

Transition  
and  

generate value



Transition Matrix Re-Estimation

•  

•
Compute for all pairs : 

aij =
Expected number of times from state qi to qj

Expected number of transitions from  qi
=

∑T−1
t=1 ξt(i, j)

∑T−1
t=1 ∑K

k=1 ξt(i, k)

(i, j) Ā =
ā11 ā12 ā13
ā21 ā22 ā23
ā31 ā32 ā33

39



Emission Probability Distribution Re-Estimation (Discrete)

• At each state , we have an observation  which is a discrete value in the 
‘observation vocabulary’ . 

‣  

‣ Need 

q x
V

bj(vk) =
Expected number of times in state qj and observing vk

Expected number of times in state  qj

γ

40



Gamma Variable

41

Can be expressed in terms of both 
forward and backward variables as: 

 

We can relate  to : 

γt(i) =
P(qt

i , X |Θ)
P(X |Θ)

=
αt(i) βt(i)
P(X |Θ)

γt(i) ξ(i, j)

γt(i) =
K

∑
j=1

ξ(i, j)

We define the following variable: 

•  

i.e. the probability of being in state  at 
time , given the observations and 
parameters .

γt(i) = P(qt = qi |X, Θ)

i
t

Θ

Forward Backward
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q1

q2

qK

…

αt(i)

Xt−1 Xt Xt+1

qi

…

q2

βt(i) q1

qK

Gamma Variable
γt(i) = P(qt = qi |X, Θ)
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q1

q2

qK

…

αt(i)

Xt−1 Xt Xt+1

qi

…

q2

βt(i) q1

qK

Gamma Variable

γt(i) =
αt(i) βt(i)
P(X |Θ)



Emission Probability Distribution Re-Estimation (Discrete)

bj(vk) =
Expected number of times in state qj and observing vk

Expected number of times in state  qj
=

∑T
t=1&xt=vk

γt(i)

∑T
t=1 γt(i)

44



Gamma Variable

45

The expected number of times 
transitions are made from : 

 

Useful for re-estimating 
emission probability distribution.

qi

T

∑
t=1

γt(i)

The expected number of times  is 
visited: 

 

Useful for re-estimating 
transition probabilities.

qi

T−1

∑
t=1

γt(i)

We can express  in 2 ways.γt(i)



Parameters Re-Estimation (Discrete)

46

We define the following formulas, as estimators for the: 

• Initial state:  

• Transition probabilities:  

• Emission PDF: 

πi = γ1(i)

aij =
∑T−1

t=1 ξt(i, j)

∑T−1
t=1 γt(i)

bj(vk) =
∑T

t=1&xt=vk
γt(i)

∑T
t=1 γt(i)

Expected frequency in state  at time qi t = 1

Expected number of transitions from state qi

Expected number of transitions from state  to qi qj

Expected number of times in state qj

Expected number of times in state   
and observing 

qj
vk



Parameters Re-Estimation (Continuous)

47

• The re-estimate for the transition probabilities  are the same.  

• We are not interested in the emission probabilities, but the parameters that describe its 
distribution, e.g.:  or  

‣ Emission PDF:  or  for a Gaussian distribution. 

‣  

‣              or      

āij

𝒩(μ, σ2) 𝒩(μ, Σ)

bj = {μ̄, σ̄2} bj = {μ̄, Σ}

μjk =
ΣT

t=1γt( j, k) ⋅ Xt

ΣT
t=1γt( j, k)

σ2
jk =

ΣT
t=1γt( j, k) ⋅ (Xt − μ̄jk)2

ΣT
t=1γt( j, k)

Σjk =
ΣT

t=1γt( j, k) ⋅ (Xt − μ̄jk) ⋅ (Xt − μ̄jk)T

ΣT
t=1γt( j, k)



Parameters Re-Estimation (Continuous)
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Probability of being in state  at time  with -th mixture component accounting for 
 

•  

•   

•

j t k
Xt :

bj = {c̄, μ̄, Σ}

c̄jk =
ΣT

t=1γt( j, k)
ΣT

t=1ΣM
k=1γt( j, k)

γt( j, k) =
αt( j)βt( j)

∑K
j=1 αT( j)βt( j)

⋅
cjk𝒩(Xt, μjk, Σjk)

∑M
m=1 cjm𝒩(Xt, μjm, Σjm)



Baum-Welch EM Algorithm

49

•  and  

‣ Re-compute , , ,  

‣ New values  and  

‣ …

aij bj(vk)
αt βt γt ξt

aij bj(vk)

E-Step:  
γt(i), ξt(i, j)

M-Step: 
 aij, bj(vk)



 Iterative Training

50

1. Estimate  and .  

2. If : 

• Replace  with new estimate of parameters . 

• Repeat the E and M steps of EM algorithm. 

• Go to step 1. 

3. Else: 

• Terminate with  as trained parameters (convergence).

p(X |Θ) p(X | Θ̄)
p(X | Θ̄) ≥ p(X |Θ)

Θ Θ̄

Θ̄

E-Step:  
γt(i), ξt(i, j)

M-Step: 
 aij, bj(vk)



II. Embedded Viterbi 
Training

51
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q1

q2

qK

…

qj

a1j

a2j

aKj

q2 qj
a2j

Max

Forward-Backward Viterbi

αt(i) = p(x1, …, xt, qt = qi |Θ) δt(i) = max p(q1, …, qt
i , x1, …, xt |Θ)



Viterbi Algorithm
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We define 2 variables: 

1. : highest likelihood along a side path among all paths ending in state  at time 
: 

‣  

2. : variable to keep track of ‘best path’ ending in state  at time : 

‣

δt(i) qi

t
δt(i) = max p(q1, …, qt

i , x1, …, xt |Θ)

ψt(i) qi t
ψt(i) = argmax p(q1, …, qt

i , x1, …, xt |Θ)



Viterbi Algorithm
1. Initialization:  

‣  

‣  

2. Recursion: 

‣  

‣

δ1(i) = πi bi(x1)
ψ1(i) = 0

δt( j) = max
1≤i≤K

[δt−1(i) aij] bj(xt)

ψt( j) = argmax1≤i≤K[δt−1(i) aij]

54

3. Termination: 

‣  

‣  

4. Backtracking: 

‣

P*(X |Θ) = max
1≤i≤K

δT(i)

qT* = argmax1≤i≤K[δT(i)]

qt* = ψt+1(qt+1*)



Embedded Viterbi Approximation
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E-Step:  
γt(i), ξt(i, j)

M-Step: 
 aij, bj(vk)

1. Estimate  and .  

2. If : 

• Replace  with new estimate of parameters . 

• Repeat the E and M steps of EM algorithm. 

‣ Obtain optimal state sequence. 

‣  and  are either 0 or 1. 

3. Else: 

• Terminate with  as trained parameters (convergence). 

• Faster than BW, as computational cost is less.

p(X |Θ) p(X | Θ̄)
p(X | Θ̄) ≥ p(X |Θ)

Θ Θ̄

γt ξt

Θ̄



Solved !
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Summary

57

Pros: 

‣ Flexible topology. 

‣ Rich mathematical framework. 

‣ Wide range of applications. 

‣ Powerful learning and decoding 
methods. 

‣ Good abstraction for sequences, 
temporal aspects.

Cons: 

- A priori selection of model topology and 
statistical distributions. 

- First order Markov model for state transition. 

- Lack of contextual information as correlation 
between successive acoustic vectors is 
ignored. 

- Assumption of independence for 
computational efficiency.



Thank you !
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Room 207-2, Idiap Research Institute 

www.idiap.ch/~esarkar/ 

+41 78 82 50 754 

eklavya.sarkar@idiap.ch



Parameters Re-Estimation
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• Transition probabilities:  

• Emission PDF:  

‣  

‣  

‣ : Set of observed features assigned to 

aij =
C(i → j)

∑k C(i → k)

μj =
Σx∈Zj

x

|Zi |

Σj =
Σx∈Zj

(Xt − μ̄j) ⋅ (Xt − μ̄jk)T

|Zj |

Zj qj



Old Slides
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Likelihood Problem
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Likelihood Estimation Problem

• Computing  

• Fixed  

• Likelihood of a sequence  of 
observations w.r.t. a HMM: 

• Complexity:  

‣ Infeasible !

P(X |M, Θ)
Θ

𝒪(TKT)
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P (X|M) =
X

Q2M

P (X,Q|M)

=
X

Q2M

P (X|Q,M)P (Q|M)

=
X

Q2M

TY

t=1

p(xt|qt)
Y

pqt�1,qt

=
X

Q2M

TY

t=1

p(xt|qt) pqt�1,qt

<latexit sha1_base64="D12IrOzLTwSZKL2nbvBeUJtJ1ek="></latexit>

P (M |X,⇥) =
p(X|M,⇥) P (M |⇥)

p(X|⇥)
Bayes Theorem



Forward Recurrence - Log Space
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1. Initialization:  

•  

2. Recursion: 

•  

3.Termination: 

•

α1(i) = πi bi(x1), 1 ≤ i ≤ K

αt+1( j) = [
K

∑
i=1

αt(i) aij] bj(xt+1)

P(X |M) =
K

∑
i=1

αT(i)

1. Initialization:  

•  

3. Recursion: 

•  

6.Termination: 

•

α(log)
1 (i) = log πi + log bi(x1)

α(log)
t+1 ( j) = [logsumK

i=1(α
(log)
t (i) + log aij)] + log bj(xt+1)

log P(X |M) = [logsumK
i=1α

(log)
T (i)]



Decoding Problem
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Decoding Problem

• Estimating an optimal sequence of states given a sequence of observations and the 
parameters of a model. 

‣ Viterbi algorithm

65



Viterbi Algorithm - Log Space
1. Initialization:  

•  

•  

2. Recursion: 

•  

•

δ(log)
1 (i) = log πi + log bi(x1)

ψ1(i) = 0

δ(log)
t (i) = max

1≤i≤K
[δ(log)

t−1 (i) + log aij] + log bj(xt)

ψt( j) = argmax1≤i≤K[δ(log)
t−1 (i) + log aij]

66

3. Termination: 

•  

•  

4. Backtracking: 

•

log P*(X |Θ) = max
1≤i≤K

δ(log)
T (i)

q*T = argmax1≤i≤K[δ(log)
T (i)]

qt* = ψt+1(qt+1*)



Viterbi Algorithm

67

In summary, given a: 

• Sequence of observations  

• Parameters  

The Viterbi algorithm returns the: 

• Optimal path  

• Likelihood along the best path 

X = {x1, …, xn, …xT}
Θ

Q* = {q*1 , …, q*T }
P*(X |Θ)


