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Introduction

• Sequence processing: 

‣ Input: sequence  

‣ Goal: estimate a sequence of outputs  

‣  

• Tool: Hidden Markov Models (HMMs) 

‣ Introduced and studied in 1960-70s 

‣ Lawrence R. Rabiner. A tutorial on Hidden Markov Models and selected 
applications in speech recognition.

X
M

P(M |X)
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L. R. Rabiner



• Model  

• Composed of states  

•  denotes state  at time  

• First-order Markov Models 

• Time independent

Mk

Q = {q1, …, qk, …, qK}
qt

j qj t
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Discrete Markov Models (DMMs)
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Hidden Markov Models (HMMs)
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P (qj |qj)
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P (qk|qj)
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P (qk|qk)
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P (qi|qi)

qi qj qk
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p(xt|qj)
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p(xt|qi)



• Sequence of observations: 

• Sequence of states: 

• Transition probabilities: 

• Emission probabilities: 

• Initial state distribution:
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HMMs

Θ = {π, A, B}

<latexit sha1_base64="gNB7Jd2TIjaeNkiQmO3vgU3dcnI="></latexit>

B = {bi(x)} : bi(x) = p(x|qi), 1  i  K

<latexit sha1_base64="9620ymf+R1nc9BhUG6PjTDcJIFE="></latexit>

A = {aij} : aij = P (qj |qi), 1  i, j  K

<latexit sha1_base64="xZE16EVUlZ1T2jfkXeQZsQFEcaA="></latexit>

⇡ = {⇡i} : ⇡i = P (I|qj), 1  j  K

<latexit sha1_base64="06Uzo95s70/GBP1vrcV+Jbx/2es=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BRXJQyI4puhKIblxV6g84wZNK0Dc1cSM6IZegbuPFV3LhQxK1bd76NmXYW2nog8OU/l+T8fiy4Asv6NgpLyyura8X10sbm1vaOubvXUlEiKWvSSESy4xPFBA9ZEzgI1oklI4EvWNsf3WT59j2TikdhA8YxcwMyCHmfUwJa8szjDr7CToofPLuCnV4EqqIZcsbZpYGdiWeWrao1DbwIdg5llEfdM7/0AJoELAQqiFJd24rBTYkETgWblJxEsZjQERmwrsaQBEy56XSfCT7SSg/3I6lPCHiq/u5ISaDUOPB1ZUBgqOZzmfhfrptA/9JNeRgnwEI6e6ifCAwRzszBPS4ZBTHWQKjk+q+YDokkFLSFJW2CPb/yIrROq/Z51bo7K9euczuK6AAdohNkowtUQ7eojpqIokf0jF7Rm/FkvBjvxsestGDkPfvoTxifP6cmmeo=</latexit>

X = {x1, . . . , xt, . . . , xT }
<latexit sha1_base64="tNTQivKqOIZ0LJwc6Y8BzqmCbPQ=">AAACD3icbZDLSgMxFIbPeK31NurSTbAoLkqZEUU3QtGN4KYFe4HOUDJppg3NXEwyQhn6Bm58FTcuFHHr1p1vY6adhbYeCHz5zyU5vxdzJpVlfRsLi0vLK6uFteL6xubWtrmz25RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3id5VsPVEgWhXdqFFM3wP2Q+YxgpaWueVRHl8hJ0X3XLiOnFylZ1jzMGWWXW+SMu2bJqliTQPNg51CCPGpd80sPIElAQ0U4lrJjW7FyUywUI5yOi04iaYzJEPdpR2OIAyrddLLPGB1qpYf8SOgTKjRRf3ekOJByFHi6MsBqIGdzmfhfrpMo/8JNWRgnioZk+pCfcKQilJmDekxQovhIAyaC6b8iMsACE6UtLGoT7NmV56F5UrHPKlb9tFS9yu0owD4cwDHYcA5VuIEaNIDAIzzDK7wZT8aL8W58TEsXjLxnD/6E8fkDXk2ZvA==</latexit>

Q = {q1, . . . , qk, . . . , qK} ,  is state a  at time qt
j qj t

• Observations now also described by emission probabilities, characterized by 
different stochastic distributions for each state , . 

‣ Discrete, Gaussians, GMMs, ANNs (MLPs, or RNNs).
qi i ∈ [1,…, K]
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HMMs Topologies

Left-to-right model: Ergodic model:

“ doll ”

/d/ /o/ /l/

Speech recognition Speaker identification



HMM-based Pattern Classification

• : Sequential (sentence) model 

• : Model Parameters 

• : HMM (acoustic model) 

• : Assumed constant 

• : Prior knowledge (language model).

M
Θ

P(X, M |Θ)
P(X |Θ)
P(M |Θ)
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<latexit sha1_base64="ErZUZqgiPwLqbhd5EYm9h9b9bsk=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMg8RB2RdFj0IsXIUpekI1hdjKbDJmdXWZ6lRDzBV78FS8eFPHq2Zt/4+QBamJBQ1HVTXeXFwmuwba/rMTC4tLySnI1tba+sbmV3t6p6jBWlFVoKEJV94hmgktWAQ6C1SPFSOAJVvN65yO/dsuU5qEsQz9izYB0JPc5JWCkVjpbyl3eu+UuA5LH7jXvdIEoFd7hH/3mIN9KZ+yCPQaeJ86UZNAUpVb6022HNA6YBCqI1g3HjqA5IAo4FWyYcmPNIkJ7pMMahkoSMN0cjN8Z4qxR2tgPlSkJeKz+nhiQQOt+4JnOgEBXz3oj8T+vEYN/2hxwGcXAJJ0s8mOBIcSjbHCbK0ZB9A0hVHFzK6ZdoggFk2DKhODMvjxPqocF57hgXx1limfTOJJoD+2jHHLQCSqiC1RCFUTRA3pCL+jVerSerTfrfdKasKYzu+gPrI9vJC6a5g==</latexit>

P (M |⇥) ) P (M |⇥⇤)

Bayes Theorem
<latexit sha1_base64="D12IrOzLTwSZKL2nbvBeUJtJ1ek="></latexit>

P (M |X,⇥) =
p(X|M,⇥) P (M |⇥)

p(X|⇥)



Three HMM Problems

1.  Definition and estimation of transition  and emission  probabilities: 

‣ Computing likelihood  for a given  and fixed  

2.  Training a HMM: 

‣ Estimating  such that: 

3.  Classification (decoding) of an observed sequence : 

‣

aij bi(x)
P(X |M, Θ) Mk Θ

Θ

X
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<latexit sha1_base64="kDbW3pFzDdCPvuBu2O5sVJBoj+0="></latexit>

argmax⇥

JY

j=1

P (Xj |Mj ,⇥)

<latexit sha1_base64="GYpPvwYag6x5RT18mTsVO8kHyP8="></latexit>

X 2 Mj if Mj = argmaxMk
P (X|Mk,⇥)P (Mk)



Likelihood Problem
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Likelihood Estimation Problem

• Computing  

• Fixed  

• Likelihood of a sequence  of 
observations w.r.t. a HMM: 

• Complexity:  

‣ Infeasible !

P(X |M, Θ)
Θ

𝒪(TKT)
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<latexit sha1_base64="BkOe/ldibav1X0Gn8cYFP/dUPUY="></latexit>

P (X|M) =
X

Q2M

P (X,Q|M)

=
X

Q2M

P (X|Q,M)P (Q|M)

=
X

Q2M

TY

t=1

p(xt|qt)
Y

pqt�1,qt

=
X

Q2M

TY

t=1

p(xt|qt) pqt�1,qt

<latexit sha1_base64="D12IrOzLTwSZKL2nbvBeUJtJ1ek="></latexit>

P (M |X,⇥) =
p(X|M,⇥) P (M |⇥)

p(X|⇥)
Bayes Theorem



Forward Recurrence
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1. Initialization:  

‣  

2. Recursion: 

‣  

3.Termination: 

‣

α1(i) = πi bi(x1), 1 ≤ i ≤ K

αt+1( j) = [
K

∑
i=1

αt(i) aij] bj(xt+1)

P(X |Θ) =
K

∑
i=1

αT(i)

We define the following variable: 

•  

i.e. the probability of having observed the 
partial sequence  and being at 
state  at time , given the parameters . 

• Complexity:  

‣ Bounded !

αt(i) = p(x1, …, xt, qt = qi |Θ)

{x1, …, xt}
i t Θ

𝒪(TK2)



Forward Recurrence - Log Space
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1. Initialization:  

‣  

2. Recursion: 

‣  

3.Termination: 

‣

α1(i) = πi bi(x1), 1 ≤ i ≤ K

αt+1( j) = [
K

∑
i=1

αt(i) aij] bj(xt+1)

P(X |M) =
K

∑
i=1

αT(i)

1. Initialization:  

‣  

2. Recursion: 

‣  

3.Termination: 

‣

α(log)
1 (i) = log πi + log bi(x1)

α(log)
t+1 ( j) = [logsumK

i=1(α
(log)
t (i) + log aij)] + log bj(xt+1)

log P(X |M) = [logsumK
i=1α

(log)
T (i)]



Training Problem
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HMM Training Problem

• We want to accurately estimate parameters from the ‘visible’ sequence of 
observations. 

• ‘Training’ an HMM means finding these parameters . 

• We use the Forward-Backward algorithm, with the following variables: 

‣ Forward variable  

‣ Backward variable  

‣ Sequence of events  

‣ Gamma variable 

Θ

αt(i)
βt(i)
ξt(i, j)

γt(i)

15



Backward Algorithm
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1. Initialization:  

‣  

2. Recursion: 

‣  

3.Termination: 

‣

βT(i) = 1

βt( j) = [
K

∑
i=1

βt+1(i) aij] bj (xt+1)

β0 = P(X |Θ) =
K

∑
i=1

πi bi(x1) β1(i)

We define the following variable: 

•  

i.e. the probability of having observed 
the partial sequence , given 
the state  at time  and the parameters 

. 

‣ Complexity: 

βt(i) = p(x1, …, xt |qt = qi, Θ)

{x1, …, xt}
i t

Θ

𝒪(TK2)



Sequence of Events
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Can be expressed in terms of both 
forward and backward variables as: 

 ξt(i, j) =
P(qt

i , qt+1
j , X |Θ)

P(X |Θ)

=
at(i) aij bj(xt+1) βt+1( j)

∑K
i=1 ∑K

j=1 αt(i)aij bj(xt+1)βt+1( j)

We define the following variable: 

•  

i.e. the probability of being in state  at 
time  and in state  at time , 
given the observations and parameters 

.

ξt(i, j) = P(qt = qi, qt+1 = qj |X, Θ)

i
t j t + 1

Θ

Forward Backward



Gamma Variable
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Can be expressed in terms of both 
forward and backward variables as: 

 γt(i) =
P(qt

i , X |Θ)
P(X |Θ)

=
αt(i) βt(i)
P(X |Θ)

We define the following variable: 

•  

i.e. the probability of being in state  at 
time , given the observations and 
parameters .

γt(i) = P(qt = qi |X, Θ)

i
t

Θ

Forward Backward



Estimator Formulas
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We define the following formulas, as estimators for the: 

• Initial state:  

• Transition probabilities:  

• Emission probabilities: 

πi = γ1(i)

aij =
∑T−1

t=1 ξt(i, j)

∑T−1
t=1 γt(i)

bj(vk) =
∑T

t=1&xt=vk
γt(i)

∑T
t=1 γt(i)

Expected frequency in state  at time qi t = 1

Expected number of transitions from state qi

Expected number of transitions from state  to qi qj

Expected number of times in state qj

Expected number of times in state   
and observing 

qj
vk



Baum-Welch Algorithm
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• New values  and  

‣ Re-compute , , ,  

‣ New values  and  

‣ … 

• Iterate through this forward-backward (Baum-Welch) EM algorithm. 

• Until convergence.

aij bj(vk)
αt βt γt ξt

aij bj(vk)

E-Step:  
γt(i), ξt(i, j)

M-Step: 
 aij, bj(vk)



Decoding Problem

21



Decoding Problem

• Estimating an optimal sequence of states given a sequence of observations and the 
parameters of a model. 

‣ Viterbi algorithm

22



Viterbi Algorithm
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We define 2 variables: 

1. : highest likelihood along a side path among all paths ending in state  at time 
: 

‣  

‣ Similar to the forward algorithm’s  

2. : variable to keep track of ‘best path’ ending in state  at time : 

‣

δt(i) qi

t
δt(i) = max P[q1, …, qt

i , x1, …, xt |Θ]
αt(i) = p(x1, …, xt, qt = qi |Θ)

ψt(i) qi t
ψt(i) = argmax p(q1, …, qt

i , x1, …, xt |Θ)



Viterbi Algorithm
1. Initialization:  

‣  

‣  

2. Recursion: 

‣  

‣

δ1(i) = πi bi(x1)
ψ1(i) = 0

δt( j) = max
1≤i≤K

[δt−1(i) aij] bj(xt)

ψt( j) = argmax1≤i≤K[δt−1(i) aij]
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3. Termination: 

‣  

‣  

4. Backtracking: 

‣

P*(X |Θ) = max
1≤i≤K

δT(i)

q*T = argmax1≤i≤K[δT(i)]

qt* = ψt+1(qt+1*)



Viterbi Algorithm
1. Initialization:  

‣  

‣  

2. Recursion: 

‣  

‣

δ1(i) = πi bi(x1)
ψ1(i) = 0

δt( j) = max
1≤i≤K

[δt−1(i) aij] bj(xt)

ψt( j) = argmax1≤i≤K[δt−1(i) aij]
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3. Termination: 

‣  

‣  

4. Backtracking: 

‣

P*(X |Θ) = max
1≤i≤K

δT(i)

q*T = argmax1≤i≤K[δT(i)]

qt* = ψt+1(qt+1*)



Viterbi Algorithm - Log Space
1. Initialization:  

‣  

‣  

2. Recursion: 

‣  

‣

δ(log)
1 (i) = log πi + log bi(x1)

ψ1(i) = 0

δ(log)
t (i) = max

1≤i≤K
[δ(log)

t−1 (i) + log aij] + log bj(xt)

ψt( j) = argmax1≤i≤K[δ(log)
t−1 (i) + log aij]
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3. Termination: 

‣  

‣  

4. Backtracking: 

‣

log P*(X |Θ) = max
1≤i≤K

δ(log)
T (i)

q*T = argmax1≤i≤K[δ(log)
T (i)]

qt* = ψt+1(qt+1*)



Viterbi Algorithm
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In summary, given a: 

• Sequence of observations  

• Parameters  

The Viterbi algorithm returns the: 

• Optimal path  

• Likelihood along the best path 

X = {x1, …, xn, …xT}
Θ

Q* = {q*1 , …, q*T }
P*(X |Θ)



Solved !
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Summary
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Pros: 

‣ Flexible topology. 

‣ Rich mathematical framework. 

‣ Wide range of applications. 

‣ Powerful learning and decoding 
methods. 

‣ Good abstraction for sequences, 
temporal aspects.

Cons: 

- A priori selection of model topology and 
statistical distributions. 

- First order Markov model for state transition. 

- Lack of contextual information as correlation 
between successive acoustic vectors is 
ignored. 

- Assumption of independence for 
computational efficiency.



Thank you !
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